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SUMMARY.

This article presents a new empirical Bayes estimator (EBE) and a shrinkage estimator for

determining the relative potency from several multivariate bioassays by incorporating prior information on
the model parameters based on Jeffreys’ rules. The EBE can account for any extra variability among the
bicassays, and if this extra variability is 0, then the EBE reduces to the maximum likelihood estimator for
combinations of multivariate bioassays. The shrinkage estimator turns out to be a compromise of the prior
information and the estimator from each multivariate biocassay, with the weights depending on the prior

variance.
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1. Introduction

A variety of methods for estimating relative potency exist in
the literature. Many references pertaining to this topic are
cited in Hubert (1992). The problem can be formulated in
terms of a general linear model for data assumed to follow a
normal distribution or in terms of a generalized linear model
for other types of data. For the case of multiresponse exper-
iments, multivariate approaches have been suggested (Rao,
1954; Volund, 1980, 1982; Hui and Rosenberg, 1985; Laska,
Kushner, and Meisner, 1985; Carter and Hubert, 1985, 1988;
Srivastava, 1986).

Data on relative potency may be obtained from several
experiments performed at different locations or laboratories.
The results from the experiments can be combined to pro-
duce an overall estimator. When there is variability among
locations, an empirical Bayes estimator (EBE) is appropriate.
This estimator is derived in Section 4. If no extra variability
is present, then this EBE reduces to the maximum likelihood
estimator of Meisner, Kushner, and Laska [1986).

For situations in which prior knowledge about the rela-
tive potency is available, Bayesian methods can be used. The
case of a single bioassay has been considered by Darby (1980),
Buonaccorsi and Gatsonis {1988), Mendoza (1990), Kim,
Carter, and Hubert (1991), and Kim et al. (1992, 1993). In
Section 3, a shrinkage estimator is derived based on prior in-
formation using Jeffreys’ rules. It iz assumed that prior knowl-
edge on the mean and variance of the relative potency is avail-
able. If no knowledge exists, then a noninformative prior is
assurmed.
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First, the general form of the problem is given in terms of
the canonical form of a linear model. The shrinkage estimator
and EBE follow. Finally, the methods used are illustrated with
an example.

2. Bioassays and Canonical Transformation
2.1 Model Specification

The class of k combinations of multivariate bicassays is of the
following form:

¥aoi = 05 + ﬁs;zn + €

¥ii = o + BT + €, (2.1)

where ¥, ¥ € RP, when p = 1, are multivariate responses;
oo, 004, B, B € RP are multivariate parameters; and x,,
and x4 are scalar inputs. [t is assumed that forall: = 1,... Kk,
e;5 are independent and identically distributed (iid). ~
Np(0,V), where V is a p x p positive definite symmetric
matrix.

Various assumptions on the parameters will generate
different bicassays. For parallel-line bicassays, a; = oy,
B = B = Oy (see, eg., Volund, 1980; Carter and Hubert,
1985, for the test of parallelism}, and &;; = o5 —ay; = pi5 3
for all bioassaysi = 1,...,k and for all responses § = 1,...,p,
where u;; are scalar parameters, which are the log-relative
potencies of the ith bioassay and jth response variable. For
the slope-ratio bicassays, Byi; = pijfs; and a; = oy = oy,
where p;; are the relative potencies in the ith bicassay and
the jth response variable.

The experimental situation can then be posed in a
multivariate regression framework Y, = ¥, X; + €;, where
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Yi= (¥s1e- s ¥omy: ¥tls-- - ¥ing, ) i85 the p % n; matrix of
responses with n; = ng + ng. Here ng and ny, are the
number of observations in the ith bioassay for the standard
and test preparations, respectively. ¥; is the p x 3 matrix
of parameters. For parallel-line bicassays, ¥; = (o, 8;, 3¢),
and for slope-ratio bioassays, ¥; = (o, B, 8} The p x n;
random matrix €; consists of n; columns of multivariate
normal random wvectors Np(0, V), X; is the 3 x n; design
matrix. For parallel-line bioassays,

1 1 1
i 0 - 0 1 - 1 ;
Tsl Tsmg Tt Timy

where x's are the log dose levels, and for slope-ratio bioassays,

I ... 1 L .ued 1
}[t=(ﬂ e 0 ) Igﬂ_"),
Ll --- Tsng; ] o 0

where z's are the dose levels. Initially, we make use of the
multivariate regression technique to obtain the estimators

¥, = Y XX XHY (2.2)

S =m; 1Y, [I- X{(X: X))~ 'X,] Y} (2.3)
as independent estimators of ¥;"and 'V, where m; = n; —3 and
X' iz the transpose of matrix X. Because our interest is in the
relative potency parameter u;;, the second and third columns
of ¥; will be the relevant ones, whereas the parameters in the
first column &; are the nuisance parameters. Therefore, we
will restrict our attention to

(o] ([3]ver),

where A; is the lower 2 x 2 portion of (X, X{)~".

2.2 Canonical Transformation

The problem as it stands can be unnecessarily cu[nplex
because V @ A; may not be block diagonal so that §; and
B; are not independent. This will oceur if the bioassay is
not symmetric. Symmetry holds if and only if n, = ny
and the dose levels for the standard and test preparations
are identical. To block diagonalize the matrix V' @ A;, define

tig i
e ( 0 122-,')
such that T;A; T, = L. Then,
1/2

D
C ¥
{aniazzi — afy;)/?

b =

¥

—a12il,
-2 L]
(a11iaz2i — ajy)t/?

ti2i =

—1/2
tani = Qgq;

Ifu; = tlliﬁ-i + t12iﬁ| and v; = 122“&” then the distribution
of u; and v; is

u; £yl + 828,
o] s (i)
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In other words,
tindi + ti2ifi ~ Np(tinids + 12:8,, V),  (2.4)
tz2iBi ~ Np(taziBi, V). (2.5)
S; in (2.3) is distributed as
8; ~ m 'Wp(V,m) = Wp(V/my,m;),  (26)

which is the Wishart distribution, a multivariate generali-
zation of the chi-square distribution, with the probability
density function given by Ci|V| ™ /2|8;|(m—P-1/2g
{—{mif‘zjv_lﬂ,-], where etr is the notation for exponent of
the trace, |V| is the determinant of matrix V, and ; is a
constant of integration chosen so that the total probability is
1 (Srivastava and Carter, 1983). The pooled estimator for V
is then 8 = (T, m;8,)/ZE_, m,. Note that we will illustrate
the procedure for the combination of multivariate parallel-line
bicassays in the following sections, and a similar analysis will
hold for the combination of multivariate slope-ratio bicassays.

3. Shrinkage Estimator for the Log Relative Potency

It is assumed in this section that there is no extra variability
of the relative potencies among the k bioassays. That is,
it is assumed that any error in the estimators of relative
potency is caused by the experimental error of that particular
bioassay. Therefore, assuming u) = -+ - = g = u, a shrinkage
estimator is proposed. To derive a shrinkage estimator in
this situation, we use Jeffreys’ prior (Hoadley, 1970) for the
model parameters. Essentially, this rule states that when a
parameter is unknown, a prior distribution can be imposed on
the parameter such that the degree of certainty of the possible
value of the parameter is reflected by this distribution.
In practical situations, some information is often known
about the log-relative potency u, whereas relatively little
information is known about the other parameters. Using
Jeffreys' rules, a suitable prior distribution would be

h(p)

w(i, Bi, V) ox V7"

where h(u) is a proper prior density. In this article, we take
h{p) as N(ug, 7°) for some g and 72 > 0. Appendix A shows
that pu | X;,Y;, 3, V ~ N(pp, 73 ), where

k
o Ztlliﬁh’" Yt11ads + 12 — 11248 + po

Hp =

k
S IAT-A T
i=1

(3.1)

= -1/2
2 -1 1
Tp = (Zn.ﬂrﬂ.’v Bi + g) : (3.2)
=1
The parameters 3; and V are in general unknown; however,
independent estimates are available, and one can therefore
formulate a shrinkage estimator by replacing & and V in
(3.1) and (3.2) with their estimates given in (2.2) and (2.3),






