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Abstract

Estimation of relative potency in biological assay is very important in pharmaceutical and toxicological quality control. The
statistical procedure to estimate this parameter produces a ratio of two other statistics resulting complexity for its distribution when
inference will be made. In this paper, a bootstrapping procedure is proposed to approximate its population distribution and hence
the estimation for this parameter in the combinations of bioassays. The proposed method overcomes the problems with distribution
assumptions. We conclude with a comparison of this procedure to the well-known weighted mean method for a real data set.
© 2006 Elsevier B.V. All rights reserved.

Keywords: Relative potency; Parallel-line bioassay; Slope-ratio bioassay; Weighted mean method; Sampling with replacement

1. Introduction

Estimation of relative potency in biological assay is very important in pharmaceutical and toxicological quality
control. When a pharmaceutical company plans to place a new drug on the market, government authorization is
required for inspection and control. One aspect of the inspection is to measure the drug’s potency relative to a known
(or standard) preparation, which is to estimate the relative potency of the new (or test) preparation to the standard
preparation. If the test preparation is as potent as the standard preparation, then the relative potency is 1, or equivalently
the log-relative potency is 0. To measure the relative potency, a comparative experiment has to be conducted and the
resulting data analyzed by statistical bioassay to estimate the relative potency.

The combinations of bioassays arises when the same, or a similar, experiment is performed by multiple-laboratories
and multiple-centers in the calibration of national or international standards for a particular substance (Rose and
Gaines-Das, 1998). The literature is rich with methods for estimating this parameter as in Finney (1978), Hubert (1992)
and Govindarajulu (2001). With the studies of combinations of bioassays, most of the results appear inArmitage (1970),
Bennett (1962), Meisner et al. (1986), Williams (1978) and Chen et al. (1999).

The major difficulty in deriving the statistical properties of the estimator of the relative potency is that it is a ratio
of two other statistics. Even when the normal assumption is assumed for the model, it will still result in a Cauchy
distribution for the relative potency, for which the variance cannot be obtained analytically. In this situation, Fieller’s
theorem is one way to overcome this problem and obtain the confidence interval (CI), but this is too heavily dependent
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on the normal assumption. If the assumption is only slightly violated, the estimator based on the Fieller’s theorem will
not be robust.

Another alternative is to use the Bayesian approach. The most recent results on this issue appear in Kim et al. (1991,
1992, 1993) and Chen et al. (1999). In those studies, a shrinkage estimator was proposed by using prior information
which turns out to be a compromise of the prior information and the maximum likelihood estimator with the weights
depending on the prior variance and hence the estimation of this prior variance must be discussed.

The continuing availability of inexpensive, high-speed computers has already reshaped many approaches to statistics.
Computer-intensive algorithms have become increasingly popular statistical tools, both in applied and theoretical work.
Much work has been done on algorithmic approaches and development, such as the EM algorithm from Dempster et al.
(1977), or resampling techniques, such as the bootstrap from Efron (1979, 1982), Efron and Tibshirani (1986), Davison
et al. (1986) and Hall (1992) and the Gibbs sampler from Gelfand and Smith (1990), Geman and Geman (1984).

In this paper, a bootstrapping method is proposed to estimate the relative potency from the combinations of bioassays,
which simulate the distributional properties of the relative potency by repeated resampling of a resultant residual
distribution. The details of the bootstrap method have been well chronicled by a series of references, such as Efron
(1979, 1982). The key idea of the nonparametric bootstrap is that the population behavior can often be approximated by
randomly resampling a given set of data and calculating the statistic of interest from each such “sample”. The resulting
set of values (a “bootstrap distribution”) provides an approximate sampling distribution for the statistic. This ordinarily
requires that random sampling be simulated—that is, a sampling procedure be undertaken.

The proposed procedure is applied to two data sets of combinations of parallel-line bioassays and a comparison to
the well-known weighted mean method is also given in Section 4, followed by a discussion in Section 5. An R program
is developed for this procedure. The R code and the data used in this paper can be obtained from the author.

2. Notation and background

2.1. Bioassay and the relative potency

Bioassay can be defined as a body of procedures in which the amount or strength of an agent or stimulus is determined
by a response of a subject. The subject is usually an animal, a human tissue, or a bacterial culture; the agent is usually
a drug; and the response is usually a change in a particular characteristic or even death of a subject. The estimation of
the nature or potency of the agent by the response will be one of the primary objectives.

The most important parameter in bioassay is the relative potency. It is defined as the ratio of the effective constituent
per unit amount of test preparation to that of the standard preparation. If dt units of the test drug perform like �ds units
of the standard (i.e., the test acts like a dilution of the standard), then the relative potency, denoted by �, of an agent to
the standard agent is the ratio of the effective constituent in a unit amount of the test preparation to that of the standard.
That is,

� = ds

dt
. (2.1)

For example, if the relative potency equals to 3, then the test preparation is three times as potent as the standard
preparation. In other words, it will require only 1

3 as much of test preparation to effect the same response as the standard
preparation.

Statistically, it is common to use the log dose instead of the original dose. This transformation usually increases the
linearity of the response curve. Therefore,

log � = log ds − log dt .

Let � = log �, xs = log ds and xt = log dt . Then

� = xs − xt , (2.2)

where � is the log relative potency and the x’s are the so-called transformed doses.
In general, the dose–response relationships are established to model the potency of a dose from the knowledge of the

response it produces. The general objective of the bioassay is to propose a suitable description of the dose–response
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relationship for a biological substance. The general dose–response relationship for bioassays assumes the response y
has the following structure:

ys = �s + �sxs + �s,

yt = �t + �txt + �t (2.3)

and the �′s ∼ i i d N(0, �2). This assumption could be tested by classical methods. For example, see Atkinson (1988).
This general formulation in (2.3) is not feasible to define a dose-dependent relative potency (Finney, 1978). The

usual model in bioassay to estimate the relative potency is the parallel-line and slope-ratio bioassays.
In parallel-line bioassay, it is assumed that �s =�t =� and �t =�s +��. Therefore, the general model (2.3) is reduced

to

ys = �s + �xs + �,

yt = �t + �xt + �.

It can be seen that in parallel-line bioassay, the dose–response model for both the standard and test preparations
is linear and the forms are parallel to each other. In fact, from (2.2), it is easily seen that � is the horizontal distance
between the two response lines. This formulation defines a parallel-line bioassay, where parallelism refers to a constant
horizontal distance, �, between the two response lines, where the parallelism can be tested statistically (Finney, 1978;
Hubert, 1992).

Alternatively, in the slope-ratio bioassays, it is assumed that the slopes are different, while the intercepts are the
same. The general formulation (2.3) is then as follows:

ys = � + �sds + �,

yt = � + �tdt + �,

where �t = �s�. This implies that the relative potency in a slope-ratio bioassay is defined as: � = �t/�s.
Finney (1978), Hubert (1992) and Govindarajulu (2001) outlined the statistical tests for parallelism for parallel-line

bioassay and common-intercept for slope-ratio bioassay. It is recommended that the observed dose–response data
plotted initially before the statistical tests.

2.2. Combinations of bioassays

Suppose that the similar bioassay study is performed k times in a research laboratory or in k research centers in a
multiple-center experiment setting. Such study involves several laboratories, departments, for example in international
collaborative research for the standardization of a particular substance. In another situation, a pharmaceutical company
wishes to assay a particular batch of product and may not be able to produce potency estimates of sufficient precision
to satisfy a statutory requirement from one assay. Therefore, replicate experiments are desired and the issue for the
combinations of bioassays arises. It would be a typical one bioassay setting if k = 1.

For the ith (i = 1, . . . , k) bioassay, the jth (j = 1, . . . , mi) observation of the standard preparation at scalar input
xsij has response ysij , and similarly the jth (j = 1, . . . , ni) observation of the test preparation at scalar input xtij has
response ytij . Then the combination of k bioassays can be modeled by the following formulation corresponding to
(2.3):

ysij = �si + �sixsij + �sij ,

ytij = �t i + �t ixtij + �t ij . (2.4)

Similarly for parallel-line bioassays:

�si = �t i

(=�i

)
,

�si = �t i − �i�i (=�i ) ,

�i = �i�i ,
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where �i are the log relative potencies, and the scalar input x’s are log-dose. For slope-ratio bioassays:

�si = �t i (=�i ) ,

�t i = �i�si

(=�i�i

)
,

�i = �t i ,

where �i are the relative potencies, and the scalar input x’s are levels of a dose. By using matrix notation, the model in
(2.4) can be written in the following linear model format:

Yi = Xt
i	i + εi , (2.5)

where Yi = (
ysi1, . . . , ysimi

, yti1, . . . , ytini

)t is a vector of (ni + mi) × 1 responses; and 	i is the 3 × 1 parameter

vector 	i = (
�i , �i , �i

)t . Xi is the 3 × (mi + ni) design matrix. For parallel-line bioassays,

Xi =
[ 1 . . . 1 1 . . . 1

0 . . . 0 1 . . . 1
xsi1 . . . xsimi

xti1 . . . xtini

]
.

For slope-ratio bioassays,

Xi =
[ 1 . . . 1 1 . . . 1

0 . . . 0 xti1 . . . xtini

xsi1 . . . xsimi
0 . . . 0

]
,

where I is the (mi + ni) × (mi + ni) identity matrix and εi ∼ (
0, �2I

)
. Note that in order to simplify the discussion,

only the issues for combining univariate bioassays will be used to illustrate the procedure in the following sections.
The similar analysis would occur for the multivariate version of combining bioassays and the proposed method in this
paper can be easily extended to the multivariate setting.

A standard linear model technique is first used to obtain the estimators for the model parameters:

	̂i = (
XiX

t
i

)−1
XiYi , (2.6)

and

S2
i = 1

mi + ni − 3
Y t

i

[
I − Xt

i

(
XiX

t
i

)−1
Xi

]
Yi . (2.7)

Note that 	̂i ∼
(
	i , �2

(
XiX

t
i

)−1
)

.And the pooled sample varianceS2=∑k
i=1 (mi + ni − 3) S2

i /
∑k

i=1 (mi + ni − 3)

can be used to estimate the model variance �2.

2.3. Estimation for combinations of bioassays

For the estimation of combinations of bioassays, much work can be found on Bennett’s least square method (1962),
Armitage’s maximum likelihood estimator (1970), Finney’s weighted mean method (1978) and others such as in
Williams (1978) and Srivastava (1986). All those studies involved a distributional assumption.

The weighted mean method is probably the most widely used among these methods, which can be described in detail
as follows:

From (2.6), the maximum likelihood estimator of �i from each bioassay can be formed as �̂i=
(
�̂i/�̂i

)
(i = 1, . . . , k).

To construct the estimator for the combinations of bioassays, Finney (1978) proposed a weighted mean method with
the weights being inversely proportional to the estimated variance. That is,

�̂ =
∑k

i=1 wi �̂i∑k
i=1wi

, (2.8)
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where wi = 1/̂V
(
�̂i

)
. It can be easily shown from Delta method (so called “propagation of error formula”) that

V
(
�̂i

)= V

(
�̂i

�̂i

)
≈ 1

�4
i

(
�i , −�i

)
Cov

(
�̂i

�̂i

)(
�i

−�i

)
. (2.9)

From (2.6) and (2.7), the weights can be estimated from the inverse of (2.9), and hence �̂ in (2.8). An estimate of the
asymptotic variance of �̂ can be also shown to be simply 1/

∑k
i=1 wi . If the normal distribution for �̂ is assumed, the

CI with 1 − � CI can be constructed as(
�̂ − z�/2

√
̂V
(
�̂
)
, �̂ + z�/2

√
̂V
(
�̂
) )

. (2.10)

The test statistic to test the homogeneity of the combinations of bioassays can be found from Finney (1978) as
follows


̃2
k−1 =

k∑
i=1

wi �̂
2
i −

(∑k
i=1 wi �̂i

)2

∑k
i=1 wi

, (2.11)

following a 
2 distribution with k − 1 degree of freedom.

3. Bootstrapping estimation for relative potency

Armitage et al. (1974) have shown that the weighted mean method in (2.8) gives a biased lower estimate of relative
potency as well as 
2 statistic for testing the homogeneity of the relative potencies in (2.11) for small number of
observations even though the bias is negligible.

In addition, the CI in (2.10) is based on the normality assumption. In fact it is well-known that the ratio of any two
normally distributed statistics is not normally distributed and it is Cauchy distributed.

To overcome the difficulties from the normal distribution assumption in (2.10) and (2.11) and the unnecessary ap-
proximation in the estimation of relative potency, the bootstrapping procedure is proposed in this section to approximate
the sample distribution of �̂ in order to obtain its CI.

The bootstrapping resampling technique was invented by Efron (1978, 1979, 1982), which has attracted much interest
as a basis for approximate statistical inference when other methods are suspect or unavailable. The idea of this technique
is to mimic the process of selecting many samples to get the probability of �̂ that the values of their statistics fall within
various intervals. The name bootstrap reflects the fact that one available sample gives rise to many others. Since the
bootstrap generates a sampling distribution from the sample itself which is called the bootstrap distribution, the usual
underlying assumption often involving the normal distribution is not necessary.

The fundamental assumption of bootstrapping is that the observed data are the representative of the underlying popu-
lation. By resampling observations from the observed data, the process of sampling observations from the population is
mimicked. Freedman (1981) discussed the bootstrapping method for regression and correlation models and showed that
the bootstrap approximation is valid to the least squares estimates of model parameters. There are extensive bootstrap
schemes to construct CIs which can be found from Efron and Tibshirani (1986, 1993) and Shao and Tu (1995).

For the combinations of bioassays, the bootstrapping procedure consists of the following steps:

Step 1: Use the original sample {Xi , Yi} from the data
{
xsij , ysij , xtij , ytij

}
for the general linear model (2.5) to

compute the parameter LS estimate of 	i and S2
i as in (2.6) and (2.7). Let residual vector ri =Yi −Xt

i 	̂i (i = 1, . . . , k).

Step 2: For each i, draw a random sample, say
{
r∗
il

}mi+ni

l=1 , from the residual vector {ril}mi+ni

l=1 with replacement.

Step 3: Let Y ∗
i = Xt

i 	̂i + r∗
i . This results a bootstrap sample

{
Xi , Y∗

i

}
.

Step 4: Use this bootstrap sample to calculate �̂ from (2.8).
Step 5: Repeat Steps 2–4 for a number of times, say B times (e.g. 10,000 times in the examples), and a bootstrapping

sample with B observations is produced for �̂. Therefore, an empirical bootstrapping sample distribution of �̂ can be
obtained from the bootstrapping sample.
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This empirical distribution is called the bootstrap distribution and can be used to approximate the population distri-
bution of �. From this bootstrap distribution, we can make inference for � to provide a distribution-free point estimator
and confidence region.

The bootstrap estimate for the log-relative potency is the 50% percentile of the bootstrapping sample. To obtain the
1 − � CI for the log-relative potency �, we sort the bootstrap sample and locate the �/2-percentile and (1 − �/2)-
percentile values in the sorted bootstrap sample, which are the lower and upper limits for bootstrap procedure. Notice
that the shape of this distribution is free from any underlying probability density function.

4. Application to the combinations of two bioassays on vitamin D3

Two assays of vitamin D3 in the same oil are reported on p. 287 in Finney (1978) and can be found in the accompanying
R program. Each assay used the line test scores as responses. The two assays used eight rats from each of six litters,
two per litter for each dose. In the first assay, the dose of the test preparation were chosen on the basis of an assumed
potency of 4

3 (IU/mg) and in the second this was changed to 16
15 (IU/mg). The dose ratio was 2 in both preparations.

There is no statistically significant litter effect, and no violations of linear relationship and parallelism (Finney, 1978).
The data and the fitted linear dose–response relationship are shown in Fig. 1.

Therefore, these two bioassays can be cast in a linear model (2.5) with the estimated parameters from (2.6) and (2.7),

�̂i and the estimated ̂var
(
�̂i

)
are summarized in Table 1.

The 
2 statistic in (2.11) for the test of homogeneity of the four bioassays is 1.923 with p-value of 0.17, indicating
that it is valid to combine the two bioassays.

The weighted mean estimate of log-relative potency can then be estimated from (2.8), which is �̂ = 0.2036, with
estimated variance of 0.00232. The 95% CI assuming a normal distribution for �̂ from (2.10) is (0.1092, 0.2979) with
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Fig. 1. Data and the fitted dose–response relationship with “S” for standard and “T” for test preparation. The horizontal axis is the log-dose and the
vertical axis is the observed response.

Table 1
Summary of the two vitamin D3 assays

Assay i �̂i �̂i �̂i S2
i �̂i

̂var
(
�̂i

)
1 11.329 1.009 9.412 3.786 0.107 0.00715
2 10.019 2.628 10.519 1.476 0.249 0.00343
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Bootstrapping log Relative Potency
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Fig. 2. Bootstrapping distribution with normal density curve.

a length of 0.1887. Then the estimated relative potency can be estimated by an anti-log transformation as 1.2258, with
a CI of (1.2859, 1.9858), and with a length of 0.6999, indicating that the test preparation is statistically significantly
more potent than the standard preparation, which confirms what we see in Fig. 1.

Now we turn to the bootstrapping procedure proposed in Section 3. We run the bootstrapping procedure for 10,000
times and a bootstrapping sample with 10,000 observations is obtained.

The bootstrap estimate of the log-relative potency from the 50% percentile of the bootstrapping distribution is
0.2037. To obtain the CI for the relative potency �, we sort the bootstrapping samples and locate the values which are
2.5% percentile and 97.5% percentile in the sorted bootstrapping samples, which are the lower and upper limits for
bootstrapping procedure. For this data, the bootstrap 95% CI is (0.1229, 0.2956), with a length of 0.1727. Therefore,
the estimated relative potency is 1.5984 with a 95% CI of (1.3273, 1.9751), with a length of 0.6478, which is shorter
than the CI from the weighted mean method.

To see the empirical bootstrapping distribution, we break the interval from the minimum value to maximum value of
the bootstrapping sample into 50 subintervals and count the frequency for each subinterval. Then we plot the frequency
at the middle point of each subinterval to get the bootstrapping empirical distribution (Fig. 2).

5. Discussion

This paper presented a useful bootstrapping method to estimate the relative potency in the combinations of bioassays,
which performed better than the well-known weighted mean estimator with shorter confidence interval. The proposed
method can be easily implemented. A R program with the data used in this paper can be obtained from the author.

Although the presentation and examples are in univariate format, the method can be easily extended to the multivariate
format for the combinations of multivariate bioassays when multivariate responses are observed.

It is worthwhile emphasizing that �̂ = �̂/�̂ has no finite variance since �̂ and �̂ are normally distributed, which lead
to a Cauchy distribution for �̂. For this reason, the bootstrapping method would be more appropriate and reasonable
with less distributional requirements.

It can also be seen from the two examples that the bootstrapping estimate for the relative potency was slightly higher
than the estimate from the weighted mean method, which is consistent with the conclusion in Armitage et al. (1974).
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