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Bias and Bias Correction in Fish Recruitment Prediction

D. G. CHEN*
International Pacific Halibut Commission, Seattle, Washington 98195, USA

Abstract.—A lognormal error is usually assumed in
the traditional stock—recruitment (SR) analysis. In this
paper, | demonstrate that a positive bias results when an
SR model with lognormal error is used for fish recruit-
ment prediction. Not only is this bias exponentially de-
pendent on the structure of the model’sresidual variance
and the historical SR data, it is also dependent on the
specific value of spawner biomass used. | then derive a
bias correction that is asymptotically unbiased with a
finite-sample bias that is practically zero. Data from two
Pacific salmon populations, southeast Alaska pink salm-
on Oncorhynchus gorbuscha and Chilko Lake sockeye
salmon O. nerka, are used to demonstrate this approach.
The results show that the relative bias is about 10% for
a spawning biomass within the historical range and that
the bias is substantial outside that data range. However,
with the proposed bias correction, the bias is negligible
both within (<0.1%) and outside of (<0.3%) the data
range.

Stock—recruitment (SR) analysis usually begins
with the assumption of a functional relationship,
denoted by F(-), between spawners and recruits,
namely,

R = F(S 0), 1

where S is the spawning biomass at year t, t = 1,
..., Nn), R isthe recruitment biomass correspond-
ingto S, and ® isavector of parameters associated
with this relationship and usually related to the
fishery management policy (Hilborn and Walters
1992; Quinn and Deriso 1999).

For a statistical analysis of the SR relationship,
alognormal error istraditionally included into the
deterministic model based on the arguments of
Hennemuth et al. (1980), Peterman (1981), and
Hilborn (1985). Hennemuth et al. (1980) showed
empirically that the variability in stock and re-
cruitment is often lognormally distributed. Peter-
man (1981) reviewed the theory behind the tra-
ditional assumption of lognormal errors and em-
pirically demonstrated the validity of the theory
for some salmon stocks. Third, the mathematical
and statistical properties of the lognormal distri-
bution are convenient. Lastly, the traditional re-
gression methods used to estimate the SR param-
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eters implicitly assume a lognormal distribution
(Hilborn 1985). With the inclusion of the lognor-
mal error, the stochastic version of model in equa-
tion (1) is

R = F(S, 0)e, 2

where the ¢, are assumed to be independently and
normally distributed with mean 0 and variance 2.

The most commonly used SR models are the
Beverton-Holt (Beverton and Holt 1957) and
Ricker models (Ricker 1975), which may be rep-
resented as follows:

= OLS €t -
R = 17 Bste (Beverton-Holt model), (3)
R, = Se BSte  (Ricker model), 4

where « and B are parameters for measures of
productivity and capacity, respectively. To unify
these two models, Deriso (1980) introduced an ad-
ditional shape parameter vy and proposed the fol-
lowing SR model:

R = aS(1 ~ yBS)¥er

Therefore, the Beverton—Holt and Ricker models
are special cases of the Deriso model with vy =
—1and vy - O, respectively. Further extensions of
these models have been comprehensively dis-
cussed in Hilborn and Walters (1992).

From the regression approach it has long been
known that at any stock size arithmetic average
recruitment islarger than modal recruitment (Rick-
er 1975; Hilborn 1985). A bias can be introduced
into the parameter estimates that subsequently af-
fects the calculation of fishery management pa-
rameters such as the maximum sustainable yield
(MSY) spawner and the MSY exploitation rate.
However, this bias is dependent only on the esti-
mated model’s residual variance and is easily cor-
rected. Hilborn (1985) proposed a bias correction
for the estimated parameters of the Ricker model.
Hilborn and Walters (1992:270-272) summarized
the bias correction for the SR parameters and the
associated management parameters for both the
Ricker and Beverton—Holt models.

In this paper, | show that there is an additional
bias: a positive prediction bias that occurs when

(Deriso model). (5)
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the fitted SR model is used for fish recruitment
prediction for specific observations. The structure
of this prediction bias is more complicated than
that of the bias of the estimated parameters. Not
only isthe prediction bias exponentially dependent
on the estimated model’s residual variance, it is
also dependent on the historical SR data and the
value of spawner biomass to be predicated. | then
derive a bias correction and demonstrate analyti-
cally that this bias correction is asymptotically un-
biased with a finite sample bias that is practically
zero. For simplicity, the Ricker model (equation
4) is used in this paper; extension to other SR
models can be easily done.

Prediction Bias and Its Correction
The Ricker model can be linearized as

10ge(R/S) = a — BS + & (6)

or in matrix form as

Y = XW + &, (7
where
S
X E[l _.SE,

an n X 2 matrix with all the elements in the first
column being equal to 1 and those in the second
column representing the negative spawner time se-
riesfromt = 1tot = n; ¥ = the transpose of («,
B Y = (Y, ..., Y) =[10g(R/S), . . ., l0ge(RY/
S)1’, which isan n-dimensional vector for the log,
recruitment per spawner; and € = (g4, ..., &),
which is an n-dimensional vector for the errors
distributed as N(0, o21). In this situation, the error
variance (¢?) may include both process and mea-
surement errors if there is no prior information
with which to separate them.

The parameter vector W and its variance can be
estimated by means of multiple linear regression
(Graybill 1976: Chapter 6):

¥ = (X'X)1X'Y, (8)
Y'Y — ¥'X'Y

G2 = — — 9

G p— 9

Since ¢ is normally distributed, the theory of
regression (Graybill 1976; Draper and Smith 1981)
implies that Js and 62 are unbiased, sufficient, and
complete statistics for the SR parameters W and
a2, {s being distributed as N(¥, ¢[X'X]"?) and
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(n —2)6?/¢? being distributed as a chi-square with
n —2 degrees of freedom.

Therefore, for any specific spawning biomass
S, the predicted log, stock production index §, =
& — BS = Xgb is normally distributed, with X,
= (1, —&). The traditional prediction of the re-
cruitment corresponding to the spawning biomass
S (Ry) is obtained with the antilog transformation
R, = S&%. The bias of this prediction can easily
be seen from the fact (Aitchison and Brown 1957)
that if arandom variable w is normally distributed
with mean p. and variance o2, then €" is lognor-
mally distributed with mean e++%2 and variance
e+20? — gu+o? Therefore, with simple algebra, it
can be shown that

E(Ro) = S+ Elexp( )]

= S explE(Fo) + V(90)/2)

= §-exp[XoW + 02X (X' X)"1X5/2]
Ro-exp[a2Xo(X'X) 1X/2]

g & O
L2 (& - 2)7]

= Ry-exp- 710
i %E@—ﬁﬂ
0 t=1 O

(10)

where Sis the mean of all S.

It can easily be seen from equation (10) that the
traditional recruitment prediction R, is biased; the
relative bias, exp[a?/2n 3, (S — )2, (S —
9?], is always greater than 1 because the term
inside the brackets is always positive and its ex-
ponentiation is therefore greater than 1. Also, the
bias is dependent not only on the model’s residual
variance o2 but also on the observed SR data, as
indicated by theterm 2, (§ — )2, (S — 92
In addition, the relative bias is dependent on the
specific spawning biomass to be predicted, with
no bias at § = Ssince X, (§ —_ L. (S -
92 =30, (8- 943, (S - 92 =1 As S
deviates from S, the term X, (§ — S)2L: (S
— 9?2 becomes larger. At some point, therefore,
the relative bias could become highly significant.
This means that the prediction bias is not constant
over the data range.

Based on equation (10), a bias-corrected value
for the predicted recruitment would be

Ro = Ro-exp[— 62X o(X'X)1X5/2]

O n O
0 522697
= Sexpl — S - -0 (1)
0 M3 (s - 920
O t=1 O



726 CHEN
o) . 5
E 'y b)
] a) 0,
@151  * Tl @ 4
3 a
£ 101 23
= =R
2 g
2 5
(]
o 01 r : T T . T 01T . . . .
0 2 4 6 8 10 12 [ 2 4 6 8 10 12
Spawners (thousands) Spawners (thousands)
w
c) 8 d)
ERER ‘51003
= 2
Q21 £1.002
= (3]
© »
=l A groo]
'c
\ — A
1.0 1, ) ; . r l'|'1000'l\‘, - :

T

0 2 4 6 8 10 12

Spawners (thousands)

T T T

0 2 4 6 8 10 12

Spawners (thousands)

Ficure 1.—Panel (a) shows the stock—recruitment (SR) data for southeast Alaska pink salmon from Quinn and
Deriso (1999). The three curves are the traditional predicted SR relationship (solid curve), the bias-corrected
prediction (dashed curve), and the replacement line (straight line). Panel (b) shows the absolute bias (R — R, where
Ris the traditional prediction and R is the bias-corrected prediction from equation 11). Panel (c) shows the relative
bias (R/R) and panel (d) the finite sample bias resulting from the finite sample in equation (11). The two vertical
lines in the panels indicate the historical data range; values to the right of the second line represent a 50%
extrapolation of the maximum observed spawner biomass.

In the appendix, | show analytically that this value
is asymptotically unbiased and that the finite sam-
plebiasisnegligible. Since equation (11) indicates
that the magnitude of the bias is dependent on the
historical SR data, | have applied this correction

TaABLE 1.—Summary of the stock—recruitment data and
Ricker model fit. Values for X'X and Y'Y are given so
that readers can repeat this analysis; 62 is the estimated
residual variance; & and 8 are the elements of the vector
W in equation (6), the values in parentheses are standard
errors; asterisks indicate statistical significance at the 95%
confidence level.

Parameter Pink salmon Sockeye salmon

XX 30 —96.764 48 —12.724
—96.764 371.927 —12.724  5.760

Y'Yy 33.288 181.305
&2 0.373 (df = 28) 0.461 (df = 46)
& 1.047 (0.278)* 2.243 (0.152)*
B 0.055 (0.079) 1.728 (0.439)*
R2 0.017 0.252
F 0.490 <0.001

to two data sets from the literature to illustrate the
amount of bias that can typically be expected.

Results
Southeast Alaska Pink Salmon

For the first example, SR data for southeast
Alaska pink salmon Oncor hynchus gorbuscha from
1960 to 1989 (Figure 1a; Quinn and Deriso 1999:
104-123) are used since these data are readily
available and one can easily apply the methods
proposed in this paper. Table 1 summarizes the
required quantities for the SR analysis.

The linearized Ricker model (equation 6) was
fitted to these data (Table 1). The model is not
statistically significant (F = 0.49), and the R? is
also very poor (0.017).

An examination of the residual diagnostics for
the model indicates that the residuals are normally
distributed and the P-value from the Kolmogorov-
Smirnov test is greater than 0.5, which confirms
the assumption of normality. The autocorrelation
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Ficure 2.—The same information as in Figure 1 only for Chilko Lake sockeye salmon.

function plot for the residuals demonstrates that
there is no autocorrelation among the residuals.
The residual plot between the residuals and the
predicted values shows homogeneity. Therefore,
no assumptions are violated when using the Ricker
model to fit the SR data.

Figure 1a shows the traditional prediction R, in
equation (10) and the bias-corrected prediction ﬁ’o
defined in equation (11). It can be seen that R, is
always biased upwards. When the prediction is
extrapolated beyond the historical data range, the
bias worsens very quickly

In Figure 1b, the absolute bias for the prediction
is calculated as R — R. For values in the historical
data range, the absolute bias can be as high as
1,500-2,000 fish; the extrapolation could result in
a bias as high as 3,000-5,000 fish. The relative
prediction bias (R/R) is given in Figure 1c; it can
be seen to be about 10% for values within the
historical data range and 20—-30% for values be-
yond that range. The lowest biasisfor values close
to the historical mean.

As indicated in the appendix, the bias-corrected
value is asymptotically unbiased with afinite sam-
ple bias of [c¥4n(n — 2) 20, (S — UEL1 (S
— 97?]. To investigate the magnitude of this bias,
| plotted the computation in the previous sentence
against the values of spawning biomass (Figure

1d). It is seen that the higher-order bias resulting
from the finite sampleis negligible: lessthan 0.1%
within the historical datarange and lessthan 0.3%
for the extrapolation. In this example, therefore,
the traditional prediction R, is biased upwards and
the proposed correction R, is very satisfactory.

Chilko Lake Sockeye Salmon

Spawner and recruit data for Chilko Lake sock-
eye salmon O. nerka are available for brood years
1948-1995 (Figure 2a). A more detailed descrip-
tion of these datacan befoundin Chen et al. (2001;
the data can also be requested from the author).

When the Ricker model is fitted to these data,
the result is statistically significant (F < 0.001;
Table 1) and the R? is relatively good (0.252). An
examination of the residual diagnostics indicates
that there are no violations of model assumptions.
The summary information for these data and the
model fit are given in Table 1.

The same bias as in the case of the pink salmon
can be seen in Figure 2—d. The traditional predic-
tion R, is always biased upwards (Figure 2a), es-
pecially during extrapolation. The absolute bias
for the prediction is as high as 0.1 million fish
within the historical data range and increases sig-
nificantly for the extrapolation (Figure 2b). The
relative prediction bias for this stock is about 5—
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7% (Figure 2c) within the historical data range,
and it increases rapidly for the extrapolation. Fig-
ure 2d shows that the finite sample bias from the
prediction bias correction equation is much less
than 0.001% for the data within the historical data
range and less than 0.04% for the extrapolation.
This example also demonstrates that the finite sam-
ple bias is negligible.

Discussion

The literature on lognormal errors in statistics
issubstantial. Finney (1951) studied the estimation
of the parameters of alognormal distribution. Bra-
du and Mundlak (1970) provided a comprehensive
discussion of lognormal linear models. The log-
linear model has also been discussed in econo-
metrics (Meulenberg 1965; Goldberger 1968).
However, these authors used an infinite Taylor se-
ries as a bias correction function—arepresentation
that is not obvious and that is difficult for fisheries
scientists to apply.

In this paper, | derived a simple correction for
the prediction bias that is inherent in traditional
SR analysis. Case studies showed that a 5-10%
bias can occur. This bias correction was analyti-
cally shown to be asymptotically unbiased with a
finite sample bias of practically zero.

The estimated variance of the prediction ﬁ’o can
be easily obtained mathematically by following the
theory of the lognormal distribution. However, it
is tedious and therefore | have not reproduced it
here. Like the prediction bias, the prediction var-
iance grows quickly for recruitment predictions
outside the range of the spawning observations.

The methodology developed in the paper is easy
to apply. First, use linear regression to fit the Rick-
er SR model (equation 6) and obtain estimates for
&, B, and 62, as in the usua SR analysis. Then,
for any specific value of spawner biomass S,, an
essentially unbiased prediction of the recruitment
biomass R, can be calculated from equation (11).

The methodology in this paper can be extended
to the Beverton—Holt and Deriso SR models with
aid from the theory of nonlinear regression. The
analysis can also easily be extended to include
environmental variables, as in the equation R, =
S -exp(a — BS + 7X; + &), where X, is a vector
of environmental variables and = is a vector of the
associated parameters (Chen and Ware 1999). Fur-
thermore, the bias correction process could be
combined with nonparametric (Jacobson and
MacCall 1995) and semiparametric (Chen and Ir-
vine 2001) SR models to give more accurate fish
recruitment predictions.
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This methodology can also be extended to SR
relationships that have a dependent time series
structure. Walters (1985) showed that such a struc-
ture “‘can lead to severely biased parameter esti-
mates.” Obviously, the biased parameter estimates
introduce bias into the recruitment prediction. To
deal with this situation, ¢ in equation (7) can be
generalized to have the distribution N(O, o2Q),
where Q is the variance—covariance matrix of er-
rors for the time series dependence. Note that
is the identity matrix if e is independent. It has
been demonstrated (Arnold 1981) that X'X in
equations (10) and (11) should be replaced by
X' Q-1X. The subsequent development isthe same.

This can be also applied to the heterogeneity of
variance under log transformation, as discussed in
MacCall and Ralston (2002), where Q isthe matrix
describing the heterogeneity. For example, the var-
iance—covariance matrix € for I-heterogeneity dis-
cussed in equation (2) of MacCall and Ralston
(2002) would be a diagonal matrix with the di-
agonal elements as o35 + (S — 0.5).

Since the prediction bias in equation (10) and
the proposed bias correction R, in equation (11)
depend on the SR data as indicated by the bias
explo?/2nsy, (S — S5, (S - 97, | would
recommend that the SR quantities

ad 0 O

1" “2S] g
XX =0 , Lo oand Y'Y =2 Y?

1ys Y=l o

O =1 O

be included in any future publications (e.g., Table
1) so that readers can learn the techniques by re-
peating the analysis.

In future research, it will be worthwhile to ex-
amine the robustness of this bias correction for
alternatives to lognormal errors, such as the gam-
ma distribution proposed in the fisheries literature.
In addition, further studies using simulation or the-
oretical development could address several out-
standing problems in SR analysis, such as small
sample size, limited dynamic range, and errorsin
variables.
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Since s and 2 are independent, the expectation

CHEN

Appendix: Asymptotic Unbiasedness of the Bias Correction

of equation (11) is

E(Ry) = E(Ro)-

52X (X' X)"1Xg
2

E{exp

From equation (10),

E(Ry) = S-exp

X exp{

= S-exp

X exp{

72X o(X'X)~1X}
2

| 52Xp(X'X) X

2
_&ZXO(X’X)1X5}
2

a2X o(X'X)~1X}
2

a2Xo(X'X) X

2

XoW +

E

1
+ 2V
2

XoW +

+ 2VEDXXX) X3 }

|

= S-exp(XoW)

x e«pEV(aZ)[xo(X'X)-lxg]Z}

Ro-exp{éva)[xo(X'X)lxa] }

Since (n — 2)d%/0? has a chi-square distribution
with n — 2 degrees of freedom, based on the prop-
erties of that distribution V[(n — 2)6%c?] = 2(n
— 2) and V(6% = 2¢%(n — 2). Substituting the
latter into the above equation gives

~ g?
E(Ry) = Ro-exp{m[xo(X’X)lxg] 2}

O n O
. 0 oo 2697
= Ry-exp3 - |
#0235 - 5l
O t=1 O

- Ry asn - o,



